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Abstract
The moment induced on asymmetric particles by a low Reynolds-number ¯ow is examined. A ¯at disk and a half sphere are
suspended in low-velocity air¯ow and the moment exerted on the particles is measured as a function of Reynolds number and
approach angle. Object Reynolds-numbers range between 20 and 200, and the measured moment is in the nNm range. A moment
coecient (a moment normalized with the drag force and object radius) is calculated from the moment measurements and found to
generally decrease with increasing Reynolds number. Stable approach angle positions are identi®ed for the objects in the ¯ow, and it
is shown that the objects tend to rotate towards the position of maximum drag (local extremum) from other approach angles. The
present measurements are consistent with previous qualitative observations of free-falling particles. Ó 2001 Elsevier Science Inc. All
rights reserved.
Keywords: External ¯ow; Asymmetric bodies; Low Reynolds number; Fluid moment; Torque; Moment coecient; Fluid drag;
Torsion balance; Suspended particles; Oscillation; Nano-scale torque

1. Introduction
The angular stability, or rotation, of solid particles
immersed in a ¯ow is important for many processes
[1,6]. Modern processes involving particle spheres include the growth and dissolution of silicon on spheres,
as discussed by Schmidt [7], and a novel application of
microcircuits on such spheres (spherical chips) was recently presented [2].
In particular, Becker [1] and Marchildon et al. [6]
visually studied the motion and rotation of non-symmetric particles by dropping them in a column of liquid
and observing their trajectories. However, these studies
emphasized the drag on the particles, and only qualitative information was gathered for the rotation, or secondary motion. Becker [1] found that the motion
depended on the particle Reynolds number, as follows:
in the range 5:5 < Re < 200, the particles would tend to
rotate toward their angular orientations of maximum
drag, whereas in the range 200 < Re < 500, the particles
would tend to wobble with uncertain angular orienta*
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tions. Marchildon et al. [6] identi®ed a lower transition
range, 0:05 < Re < 100, where their cylindrical particles
would likewise rotate to a preferred orientation, and an
upper transition range, 100 < Re < 1000, where a secondary motion would set in.
Other studies have emphasized particle drag [5], behavior in fully turbulent ¯ow [3], and slip velocity [4],
but there appear no quantitative studies for rotation of
particles in the lower transition regime. The general
objective of the present work is to provide quantitative
data for ¯ow-induced moments about asymmetric particles.
The ¯ow of a ¯uid about a non-symmetric body gives
rise to an aerodynamic drag, as well as to dierential
pressures which induce a net moment or torque on the
body. This moment may result from asymmetric pressure ®elds alone (at very low Reynolds numbers), or in
combination with asymmetric and periodic ¯ow-separation, resulting, for example, from the von Karman
vortex street. In the latter case, there would tend to be
¯uid±particle coupling for freely suspended particles.
In the present work, in order to obtain quantitative
particle moment data, the ``particle'' is suspended in the
¯ow ®eld by two torsion wires, and the size of the particle is selected as about 5 cm. A round, ¯at disk and a
half-sphere were selected for the tests conducted in air.
Because of this size, and interest in the lower transition
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Nomenclature
projected frontal area (m2 )
Ap
drag coecient ( )
CD
CD;m constant drag-coecient magnitude ( )
moment coecient ( )
CM
CM;m constant moment-coecient magnitude ( )
D
object diameter (m)
wire diameter (m)
Dw
f
moment variation function ( )
drag force (N)
FD
buoyancy force (N)
FB
g
gravitational acceleration (m/s2 )
G
wire torsional modulus (Pa)
I
particle moment of inertia (kg m2
J
wire second moment of area (m4 )
L
length (m)
m
particle mass (kg)
M
¯ow-induced moment (Nm)
Mm constant moment magnitude (Nm)
regime, the approach velocities were very small (0.05
m/s), as were the induced moments (10 nNm), which
necessitated extreme care in collecting the data from a
very sensitive torsional balance apparatus.
2. Experimental apparatus
The experiments were conducted in an acrylic ¯ow
duct with a diameter of 15 cm, as shown in Fig. 1. The
¯ow entering the duct from the left in Fig. 1 is baed
and passes through a ¯ow straightener before encountering the test object located 30 cm downstream of the
straightener. The inlet ¯ow was computer-controlled
with a mass ¯owmeter (0±100 l/min range), to yield
object Reynolds numbers on the order of 20±200. This
arrangement provided for an average approach velocity
closely related to the measured volumetric ¯ow, even
though the test objects are a signi®cant fraction of the
duct area; the available instrumentation and apparatus
did not permit velocity traverses for these low velocities.

p
R0
Re
Rp
t
tc
V
X
Y
y

drag variation function ( )
object radius (m)
Reynolds number ( )
center of pressure radius (m)
time (s)
time constant (s)
duct average velocity (m/s)
detector displacement (m)
distance of falling particle (m)

Y =R0

Greeks
/
object twist angle
h
angle of approach
m
kinematic viscosity
q
¯uid density (kg/m3 )
solid density (kg/m3 )
qs
s
scaled time, t=tc

The test object with re¯ection mirror was suspended
by two lengths of 0.2 mm torsion wire under tension,
thus creating a torsion balance, as shown in Fig. 1. The
torsion wires were mounted inside acrylic support tubes
attached to the ¯ow duct, in order to avoid possible
disturbances. The lower support tube was ®lled with
viscous liquid (antifreeze), and the mounting rod ®tted
with a damper, to create viscous damping of the object
angular displacement, thus stabilizing the detector
reading; for the aluminum ¯at disk, this resulted in a
logarithmic decrement of 0.235, or a damping ratio of
0.037.
A ®xed laser beam was directed onto the mirror,
which resulted in a re¯ected signal to the detector depending on the angular position of the mirror, mounting
rod, and test object. A photo-electric detector was
mounted on an optical bench about 2.5 m away from the
¯ow duct, and was provided with micrometer adjustment
normal to the re¯ected laser beam. A thin razor-slit in the
detector aperture was made to facilitate precise location
of the detector-head on the bench; this location was
measured with a dial indicator with a precision of 0.01
mm. With this experimental setup, displacement angles
as small as 10 lrad (2 s of arc) could be determined. By
the torsional compliance of the wires, the moment resulting from each rotation-displacement was calculated.
The moments induced on the test objects were very small
(on the order of 10 9 Nm), which necessitated use of this
extremely sensitive detection device.
3. Experimental approach

Fig. 1. Experimental apparatus.

Two objects were tested: a ¯at circular disk (55.5 mm
dia.  9.7 mm thick), and a half-sphere (55.0 mm dia.).
Each object, in turn, was carefully ®xed onto the
mounting rod with the mirror, and thus suspended between the torsion wires at various angles h relative to the
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oncoming ¯ow (see Fig. 4(a)). For each angular orientation, the ¯ow was stepped up through about eight
values, and stepped back down to zero, with the detector
position recorded for each ¯ow value. Because of the
damping, the re¯ected beam came to rest in 3±4 oscillations; however, the angular de¯ection was repeatable
only to 0.05 mm of detector location. On the whole,
the setup was very sensitive to surrounding disturbances,
and great care and numerous repetitions were required
to obtain reliable nNm moment data.
The angle of twist is measured by the displacement,
X , of the laser beam on the detector, /  X =2Lb , where
Lb is the length of the beam (2.5 m). / is further related
to the applied moment, M, by the properties of the
wires: /  MLw =GJ , where Lw is the combined length of
the two wires, 1=Lw  1=L1  1=L2 , G is the torsional
modulus, and J is the wire second moment of area,
J  pD4w =32. Thus, the moment induced by the ¯ow is
M  GJX =2Lw Lb . This moment varies with the Reynolds number, Re  VD=m, where V is the approach velocity, D is the test-object diameter, and m the viscosity
of air. Both the disk and the half-sphere were suspended
through their respective centroids. In this arrangement,
the uncertainty of X is about 5%; since the other parameters were the same for all test measurements, this
leads to a 5% uncertainty in the moment for data
points relative to one another. On an absolute scale,
considering variations in properties and other dimensions, the uncertainty is estimated as 10%.
The ¯ow-induced moment can be thought of as being
made up of the net drag force FD acting through a center
of pressure displaced by Rp from the centroidal axis:
M  FD Rp  1=2qV 2 CD pR20 Rp . If the moment coecient is taken as CM  CD Rp =R0 , then it is de®ned
through the following equation:
p
p
1
M  qV 2 R30 CM  qV 2 D3 CM :
2
16
With M (or CM ) determined from the present experiments (and with known or estimated drag coecients),
this provides an estimate of the center of pressure location.
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Re  375. Thus, at the higher Reynolds numbers there
would be lock-in of the vortex shedding and the testobject motion. This oscillatory behavior is consistent
with earlier visual observations [1,6]. The remainder of
the test data is for small Re where any vortex shedding is
below the system natural frequency.
The data obtained for the ¯at disk are summarized in
Fig. 3(a) as CM Re. This plot has the same character-

Fig. 2. Flat-disk moments for h  38:7°.

4. Results and discussion
4.1. Flat disk
The initial data for the ¯at disk inclined at h  38:7°
to the oncoming ¯ow is shown in Fig. 2, up to Re > 400.
There is a regular increase in M with Re, as seen, but for
Re > 250 there were progressively stronger oscillations
of the disk, which necessitated the averaging of readings.
This oscillation is indicative of the periodic vortex
shedding of the Karman vortex street (where vortices
separate from alternate sides of the disk), and may also
involve ¯uid-elastic coupling with the torsion system.
For the ¯at Aluminum disk, the natural frequency of the
torsion system was found to be 0.4 Hz, which corresponds to the Strouhal vortex-shedding frequency at

Fig. 3. (a) Flat-disk moment coecients vs. Reynolds number.
(b) Flat-disk moment coecient vs. approach angle.
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istic as drag coecients, with the coecient decreasing
with increasing Re for small Reynolds numbers (and
suggests a constant Rp location). Increased scatter of the
data is seen as Re falls below 100. The maximum moment is for h  50°, with lesser values for approach
angles smaller or greater than this value, as shown in
Fig. 3(b). The disk has axes of symmetry at h  0 and
90°; therefore, M and CM tend to zero for these two
angles. It is seen that for 0 < h < 90°, the moments and
coecients are always in the direction of the angular
displacement (always positive), thus tending to rotate
the disk toward its position of maximum drag, as noted
previously.
Fig. 3(b) shows the moment as a function of h for
Re  100, compared to a smooth, periodic curve. A
perturbation from the position of maximum drag
(h  90°) towards a greater approach angle will create a
negative moment, thus forcing the disk back to its
maximum drag position; a similar restoring moment is
produced for perturbations below 90°. Thus, the maximum drag angular position is one of stable equilibrium.
By contrast, the position of minimum drag (h  0°) is
unstable equilibrium.
4.2. Half-sphere
In the case of the half-sphere, there is only symmetry
at h  90°. Hence, the results will dier according to
whether the ¯ow approaches from the spherical side
(positive h), or the ¯at side (negative h).
In Fig. 4(a) are shown the moments for several positive angles, which are in the same direction as the angular position, h. At the highest Re the maximum
moment occurs for the smallest angle h, but at the lowest
Re this is reversed; thus, the Re and h dependencies are
coupled.
In Fig. 4(b) are shown the moments for several negative angles, which are also in the same direction as the
angular position, h. Again, there is a reversal of the h
dependence at dierent Reynolds numbers.
The positive and negative aspects of the induced
moments are summarized in Fig. 5 as CM (Re). At the
lowest Reynolds numbers the moment coecients are
quite uncertain, but the sense of the moments is consistent and accurate. Thus, for the half-sphere with two
distinct drag maxima, the induced moment is in the direction toward maximum drag too, whether ``positive''
or ``negative''.
The periodic nature of the induced moment is shown
in Fig. 6 in variation with the approach angle, h, for
Re  100, and in comparison to a ®tted periodic curve. It
is clear that the moment for an object must be periodic in
h with period 2p ; for a half-sphere, symmetry additionally requires the moment to be zero at
h  90° p=2. A function which satis®es these conditions and M h  p=2  M h is given by the sine
series:
n
X
ai sin ifh  p=2g;
2
M  Mm f h; f h 
i1

Fig. 4. (a) Half-sphere positive moments vs. Reynolds number.
(b) Half-sphere negative moments vs. Reynolds number.

Fig. 5. Half-sphere moment coecients (symbols as per Fig. 4).

where Mm is a constant moment magnitude. The curve in
Fig. 6 is based on Mm  20 nNm and the ®rst ®ve coecients of (2),
i
ai

1
0.282

2

3
0.804

0.366

4
0.092

5
0.055
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d2 h 5

dt2
2
5

2


g
1
R0

g
1
R0
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q CM h
qs CD h

q CM;m f h
:
qs CD;m p h

5a

Here the form of the moment coecient, f h, was
taken from Eq. (2), and the drag coecient was assumed
to vary as the projected frontal area, which for the ®rst
quadrant is
Ap =pR20  p h  sin h  p

2h

sin p

2h=2p:

Let s  t=tc where the time constant is


5 g
q CM;m
1
tc 2 
2 R0
qs CD;m

Fig. 6. Half-sphere moments vs. approach angle.

then, Eq. (5a) becomes
which emphasizes a consistent, periodic variation of M
with h, and the directional aspect of M. Measurements
were also performed for h  0, which resulted in nonzero moments because of non-symmetry, as shown in
Fig. 6 (by comparison, the moment for the ¯at disk at
this angle is zero because of its symmetry). In Fig. 6, the
stable conditions for the half sphere are at its maximum
drag positions, 90°; the zero at 16:4° is unstable, as
seen by comparison of the slopes with those in Fig. 3(b).
Like the case of the ¯at disk, perturbations from these
angles cause moments in the opposite direction, thus
turning the half-sphere back to its maximum drag position.

d2 h f h
:

ds2 p h

5b

The numerical solution of Eq. (5b) is shown in Fig. 7(a)
for various initial conditions, h0 . Starting at h0  45°
(upper solid curve), there is a positive forcing moment
which causes the increase in h; from Fig. 6, this moment
becomes negative beyond 90°, thus slowing down the
increase in h. However, the inertia of the particle causes
h to overshoot 90° and increase to a maximum of 135°;

5. Application
The rate of rotation of asymmetric particles is important for a variety of processes; for example, where
the particle is injected into a stream, or falling through a
¯uid [1,6]. For illustration we consider the latter case
where a half-sphere falls through a ¯uid; then, with
F  mY and M  I h , the equations of motion are
mg

FB

p 2 2
qV R0 CD  mY ;
2

FD  m 0 g

p

M  qV 2 R30 CM  I h;
2
or, with application to a
m  2pqs R30 =3 and I  2mR20 =5
y 

g
1
R0

q=qs 

3b
half-sphere

3
q=qs _y 2 CD y_ ; h
4

h  15=8 q=qs _y 2 CM y_ ; h:

3a

where
4a
4b

Thus, there is coupling between the linear and angular
motions of the particle. For the present illustration, we
consider the axial acceleration in Eq. (4a) to be negligible (terminal velocity condition of particle); then from
Eq. (4b), the rate of rotation is given by

Fig. 7. (a) Angular positions for falling particles (without damping).
(b) Angular positions for falling particles (with damping).
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this results in particle oscillation about the maximum
drag angle of 90°, as seen. A similar behavior occurs for
h0  45° (lower solid curve).
When h0  90°, the forcing function in Eq. (5b) is
zero, and there are no angular changes calculated for
these stable orientations (dashed lines). Slight variations
in h0 (e.g., h0  85°) likewise resulted in only slight
variations of h from the stable orientations, 90°.
The two other initial conditions, shown in Fig. 7(a) as
the dot±dash curves, are for h0  16° and 17° near
the present neutral angle of 16:4°. Here, the small
variations from the neutral position produces corresponding small driving moments, thus delaying rotation.
However, even small variations from this unstable
neutral position eventually cause larger rotation and
oscillation, as seen.
It appears from Fig. 7(a) that particle oscillations
would continue undiminished and inde®nitely. This is
predicted because of the lack of rotational damping in
the model, Eq. (5b). If a linear damping term is added to
Eq. (5b), with a damping ratio of 0.5, then the curves
appear as in Fig. 7(b). Now, it is seen that rotations tend
toward the two maximum drag locations, as expected.
Thus, the experimentally observed low-Re rotations to
maximum drag angles [1,6] are predicted by the present
measurements and correlations.
6. Conclusion
A delicate experiment has been performed for the
quantitative determination of the moment experienced
by asymmetrical particles in low-Re ¯ow. The test results show that steady, ¯ow-induced moments increase
uniformly with Reynolds numbers in the low-Re regime
Re < 200, and vary periodically with angle of approach (with the sense of the moment the same as the
angular displacement); moment coecients were found
to be on the order of 0.5, and relatively insensitive to Re

variations. In the high-Re regime, unsteady and oscillatory moments resulted (due to vortex shedding).
A simple, dynamical model was constructed from the
measurements to illustrate the likely behavior of a halfsphere under terminal, free-fall conditions. Although
approximate, the model shows the rotation of the particle tending to the local maximum-drag position. The
present quantitative measurements and calculations are
consistent with previous qualitative observations.
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